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Abstract
Conformal rescaling of conformal Yano–Killing tensors and relations between
Yano and CYK tensors are discussed. Pullback of these objects to a submanifold
is used to construct all solutions of a CYK equation in anti-de Sitter and de
Sitter spacetimes. Properties of asymptotic conformal Yano–Killing tensors are
examined for asymptotic anti-de Sitter spacetimes. Explicit asymptotic forms
of them are derived. The results are used to construct asymptotic charges in
asymptotic AdS spacetime. Well known examples like Schwarzschild-AdS, Kerr-
AdS and NUT-AdS are examined carefully in the construction of the concept
of energy, angular momentum and dual mass in asymptotic AdS spacetime.
1 Introduction
According to [28] one can define, in terms of spacetime curvature, two kinds of con-
served quantities with the help of conformal Yano–Killing tensors (see [39], [40]).
Sometimes they are also called conformal Killing forms or twistor forms (see e.g. [6],
[30], [36], [37]). The first kind is linear and the second quadratic with respect to the
Weyl tensor but a basis for both of them is the Maxwell field. Conserved quantities
which are linear with respect to CYK tensor were investigated many times (cf. [1],
[16], [17], [26], [27], [28], [31], [32]). On the other hand, quadratic charges are less
known and usually examined in terms of the Bel–Robinson tensor (see e.g. [8], [9],
[10], [12]).
In electrodynamics the linear quantity corresponds to electric or magnetic charge
and the quadratic one expresses the energy, linear momentum or angular momentum
of the Maxwell field. In gravity both kinds of charges play a role of energy. The linear
conserved quantities (as two-surface integrals) correspond to ADM mass and linear
or angular momentum but bilinear ones are not obviously related to energy. They
∗Partially supported by grant EPSRC: EP/D032091/1. E–mail: Jacek.Jezierski@fuw.edu.pl
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rather play a role of energy estimates like in [10] (cf. [3]). In this paper we analyze
the existence and the properties of the linear charges for asymptotic anti-de Sitter
spacetimes.
Let M be an n-dimensional (n > 1) manifold with a Riemannian or pseudo-
Riemannian metric gµν . The covariant derivative associated with the Levi–Civita
connection will be denoted by ∇ or just by “ ; ”. By T...(µν)... we will denote the
symmetric part and by T...[µν]... the skew-symmetric part of tensor T...µν... with respect
to indices µ and ν (analogous symbols may be used for more indices).
Let Qµν be a skew-symmetric tensor field (two-form) on M and let us denote by
Qλκσ a (three-index) tensor which is defined as follows:
Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ − 2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
. (1.1)
The object Q has the following algebraic properties
Qλκµgλµ = 0 = Qλκµgλκ , Qλκµ = Qµκλ , (1.2)
i.e. it is traceless and partially symmetric.
Definition 1. A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or
simply CYK tensor) for the metric g iff Qλκσ(Q, g) = 0.
In other words, Qµν is a conformal Yano–Killing tensor if it fulfils the following
equation:
Qλκ;σ +Qσκ;λ =
2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
(1.3)
(first proposed by Tachibana and Kashiwada, cf. [39]).
A more abstract way with no indices of describing a CYK tensor can be found in
[7], [30], [36] or [37], where it is considered as the element of the kernel of the twistor
operator Q→ TwistQ defined as follows:
∀X TwistQ(X) := ∇XQ− 1
p + 1
Xy dQ+
1
n− p+ 1g(X) ∧ d
∗Q .
However, to simplify the exposition, we prefer abstract index notation which also
seems to be more popular.
The paper is organized as follows: In Section 2 we prove the Theorem: if Q is a
CYK tensor of the ambient (n + 1)-dimensional spacetime metric
(n+1)
g (in a special
form), then its pullback to (the correctly chosen) submanifold is a CYK tensor of the
induced metric
(n)
g , which may be easily applied for anti-de Sitter embedded in flat
pseudo-Riemannian five-dimensional manifold. In the next Section we use the pre-
ceding results to construct all CYK tensors in de Sitter and anti-de Sitter spacetimes.
Section 4 is devoted to the anti-de Sitter spacetime together with some important
examples. In particular, we construct (more explicitly than usual) Fefferman-Graham
canonical coordinates for the Kerr-AdS solution. Next Section contains analysis of
symplectic structure at scri and, finally, in the Section 6 we analyze asymptotic
charges. To clarify the exposition some of the technical results and proofs have been
shifted to the appendix.
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2 Pullback of CYK tensor to submanifold of codi-
mension one
Let N be a differential manifold of dimension n + 1 and
(n+1)
g its metric tensor (the
signature of the metric plays no role). Moreover, we assume that there exists a
coordinate system (xA), where A = 0, . . . , n, in which
(n+1)
g takes the following form:
(n+1)
g = f(u)h+ s du2, (2.1)
where s is equal to 1 or −1, u ≡ xn, f is a certain function, and h is a certain tensor,
which does not depend on u. The metric (2.1) possesses a conformal Killing vector
field1
√
f∂u. Tensor f(u)h is a metric tensor on a submanifold M := {u = const.}.
We will denote it by
(n)
g . We will distinguish all objects associated with the metric
(n)
g by
writing (n) above their symbols. Similar notation will be used for objects associated
with the metric
(n+1)
g .
It turns out that:
Theorem 1. If Q is a CYK tensor of the metric
(n+1)
g in N , then its pullback to the
submanifold M is a CYK tensor of the metric
(n)
g .
Proof. In order to show this, we need to derive some helpful formulae. Let us notice
that in coordinates xA we have2:
(n+1)
g uu = s,
(n+1)
g uµ = 0,
(n+1)
g µν =
(n)
g µν . (2.2)
It means that the only non-vanishing derivatives of the metric are the following:
(n+1)
g µν,u = Φ(u)
(n)
g µν and
(n+1)
g µν,ρ =
(n)
g µν,ρ , (2.3)
where Φ(u) = d
du
(log f(u)). Using the formula
(n+1)
Γ
A
BC =
1
2
gAD(gDB,C + gDC,B − gBC,D),
we compute all non-vanishing Christoffel symbol of the metric
(n+1)
g :
(n+1)
Γ
A
νu =
1
2
Φ(u)δAν ,
(n+1)
Γ
u
µν = −s
2
Φ(u)gµν ,
(n+1)
Γ
µ
νρ =
(n)
Γ
µ
νρ . (2.4)
1A conformally rescaled metric g˜ = 1f
(n+1)
g = h+ s du
2
f(u) = h+ s dv
2 (where dv := f(u)−1/2 du) has
the Killing vector ∂v =
√
f∂u, which is a conformal Killing vector field for the original metric (2.1).
2In this chapter we will use the convention that indices denoted by capital letters of the Latin
alphabet go from 0 to n and Greek indices go from 0 to n− 1. The index u denotes n-th component
of a tensor.
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Using formulae (2.4) we compute:
(n+1)
∇ µQνρ = Qνρ,µ −QAρ
(n+1)
Γ
A
νµ −QνA
(n+1)
Γ
A
ρµ
=
(n)
∇µ Qνρ −Quρ
(n+1)
Γ
u
νµ −Qνu
(n+1)
Γ
u
ρµ
=
(n)
∇µ Qνρ + s
2
Φ(u)Quρgµν +
s
2
Φ(u)Qνugρµ . (2.5)
Let us denote
(n)
ξ ρ:= g
µν
(n)
∇µ Qνρ. The formula (2.5) directly implies that:
gµν
(n+1)
∇ µQνρ =
(n)
ξ ρ +s
n− 1
2
Φ(u)Quρ . (2.6)
Tensor Q satisfies the CYK equation, i.e.
(n+1)
∇ AQBC+
(n+1)
∇B QAC = 2
n
(
gAB
(n+1)
ξ C − gC(B
(n+1)
ξ A)
)
. (2.7)
Substituting A = B = u and C = ρ we get:
(n+1)
∇ uQuρ = s
n
(n+1)
ξ ρ . (2.8)
Using formulae (2.6) and (2.8) we compute:
(n+1)
ξ ρ = g
AC
(n+1)
∇ C QAρ = guu
(n+1)
∇ uQuρ + gµν
(n+1)
∇ µQνρ
=
1
n
(n+1)
ξ ρ+
(n)
ξ ρ +s
n− 1
2
Φ(u)Quρ (2.9)
which implies:
(n+1)
ξ ρ =
n
n− 1
(n)
ξ ρ +s
n
2
Φ(u)Quρ . (2.10)
Using formulae (2.5) and (2.10) we get:
(n+1)
∇ σQλκ +
(n+1)
∇ λQσκ − 2
n
(
gσλ
(n+1)
ξ κ − gκ(λ
(n+1)
ξ σ)
)
=
=
(n)
∇σ Qλκ+
(n)
∇λQσκ − 2
n− 1
(
gσλ
(n)
ξ κ − gκ(λ
(n)
ξ σ)
)
. (2.11)
Left-hand side of the equation (2.11) vanishes because Q is a CYK tensor of the
metric
(n+1)
g . This implies that the right-hand side is also equal to zero, hence the
pullback of Q to the surface u = const. is a CYK tensor of the metric
(n)
g .
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3 CYK tensors in the de Sitter (and anti-de Sitter)
spacetime
In this Section we will discuss the problem of existence and basic properties of CYK
tensors for de Sitter and anti-de Sitter metrics. These metrics are solutions to the
vacuum Einstein equations with the cosmological constant Λ having a maximal sym-
metry group. Therefore, they can be treated as a generalization of the flat Minkowski
metric to the case of nonzero cosmological constant. De Sitter metric is a solution of
Einstein equations with positive cosmological constant. Anti-de Sitter metric corre-
sponds to negative cosmological constant. We will restrict ourselves to the case of four
dimensional metrics, although they can be defined for manifolds of any dimension (cf.
[21], [34]). In dimension four we can express these metrics with the use of coordinate
system (t, r, θ, φ) as follows
g˜ = −
(
1− sr
2
l2
)
dt2 +
1
1− s r2
l2
dr2 + r2 dΩ2, (3.1)
where dΩ2 := dθ
2 + sin2 θ dφ2 is a unit sphere metric and l is a certain constant
related to the cosmological constant by the formula Λ = 3s/l2. Moreover, s is equal
to 1 for de Sitter metric and −1 for anti-de Sitter metric. When l goes to infinity, the
cosmological constant goes to zero and the metric (3.1) approaches a flat metric, as
one could expect.
Quite often it is more convenient to use another (rescaled) coordinate system
together with the following notation: t¯ = t
l
, r¯ = r
l
. In coordinates (t¯, r¯, θ, φ) (anti-)de
Sitter metric has the following form:
g˜ = l2
[
(−1 + sr¯2) dt¯2 + 1
1− sr¯2 dr¯
2 + r¯2 dΩ2
]
. (3.2)
(Anti-)de Sitter manifold (denoted by M˜) is (by definition) Einstein spacetime i.e.
its Ricci tensor is proportional to the metric. Its Weyl tensor vanishes which means
it is a conformally flat metric (i.e. there exists a conformal rescaling which brings it
to the flat Minkowski metric). As we have shown in [24], four-dimensional Minkowski
spacetime admits twenty-dimensional space of solutions of the CYK equation. More-
over, the following
Theorem 2. If Qµν is a CYK tensor for the metric gµν , then Ω
3Qµν is a CYK tensor
for the conformally rescaled metric Ω2gµν .
(proved in [24]) implies that (anti-)de Sitter also admits precisely twenty independent
CYK tensors3. We will show in the sequel how to obtain them in an independent way
and examine their basic properties.
3In general, this might be true only locally, e.g. in [23] one can find some global topological
difficulties with the conformally covariant solutions of Maxwell and Dirac equations for cosmological
models conformal to Minkowski spacetime.
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In order to do that we use the immersion of our four-dimensional (anti-)de Sit-
ter spacetime in five-dimensional flat pseudo-Riemmannian manifold with signature
(s, 1, 1, 1,−1). In order to make formulae more legible we will use the following con-
vention: Greek indices µ, ν, . . . label spacetime coordinates in M˜ and run from 0 to
3; Latin indices i, j, . . . label space coordinates and run from 1 to 3, and finally in-
dices denoted by capital letters of the Latin alphabet go from 0 to 4 and they label
coordinates in N .
Let N be a five-dimensional differential manifold with a global coordinate system
(yA). We define the metric tensor η of the manifold N by the formula:
η = ηAB dy
A⊗ dyB = s dy0⊗ dy0+dy1⊗ dy1+dy2⊗ dy2+dy3⊗ dy3− dy4⊗ dy4 . (3.3)
Let M˜ be a submanifold of N defined by:
ηABy
AyB = sl2. (3.4)
The metric η restricted to M˜ is just the (anti-)de Sitter metric (cf. [33]). In order to
see this, let us introduce a coordinate system (t¯, r¯, θ, φ) on M˜ . However, we need to
consider the cases s = 1 and s = −1 separately. For s = 1 a parametrization of M˜
takes the following form:
y0 = l
√
1− r¯2 cosh t¯, (3.5)
y1 = lr¯ sin θ cosφ, (3.6)
y2 = lr¯ sin θ sinφ, (3.7)
y3 = lr¯ cos θ, (3.8)
y4 = l
√
1− r¯2 sinh t¯. (3.9)
If s = −1, the analogous formulae are the following:
y0 = l
√
1 + r¯2 cos t¯, (3.10)
y1 = lr¯ sin θ cosφ, (3.11)
y2 = lr¯ sin θ sinφ, (3.12)
y3 = lr¯ cos θ, (3.13)
y4 = l
√
1 + r¯2 sin t¯. (3.14)
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Let us notice that functions l, t¯, r¯, θ and φ can be considered as the local coordinate
system on N . Substituting formulae (3.5)–(3.9) or (3.10)–(3.14) into definition (3.3)
of the metric η we get:
η = s dl2 + l2
[
(−1 + sr¯2) dt¯2 + 1
1− sr¯2 dr¯
2 + r¯2 dΩ2
]
. (3.15)
In particular, formula (3.15) implies that η restricted to the surface M := {l =
const.} ⊂ N has the same form as the metric g˜ (cf. (3.2)).
Identifying the (anti-)de Sitter spacetime with the submanifold M˜ enables one to
find all Killing vector fields of the metric g˜. The vector fields
LAB := yA
∂
∂yB
− yB ∂
∂yA
(where yA := ηABy
B) are the Killing fields of the metric η. However, the formulae
defining the fields LAB depend on the sign s. For s = 1 we get:
L40 = − ∂
∂t¯
, (3.16)
Li4 =
xi√
1− r¯2 cosh t¯
∂
∂t¯
+
√
1− r¯2 sinh t¯ ∂
∂xi
, (3.17)
Li0 = − x
i
√
1− r¯2 sinh t¯
∂
∂t¯
−
√
1− r¯2 cosh t¯ ∂
∂xi
, (3.18)
Lij = x
i ∂
∂xj
− xj ∂
∂xi
, (3.19)
where in the coordinate system on N instead of spherical coordinates r¯, θ, φ we use
Cartesian xk := y
k
l
= r¯nk, k = 1, 2, 3.
If s = −1 in coordinate system (l, t¯, xk) we have:
L40 =
∂
∂t¯
, (3.20)
Li4 =
xi√
1 + r¯2
cos t¯
∂
∂t¯
+
√
1 + r¯2 sin t¯
∂
∂xi
, (3.21)
Li0 = − x
i
√
1 + r¯2
sin t¯
∂
∂t¯
+
√
1 + r¯2 cos t¯
∂
∂xi
, (3.22)
Lij = x
i ∂
∂xj
− xj ∂
∂xi
. (3.23)
It is easy to notice that those fields are tangent to M˜ and therefore their restrictions
to the submanifold are Killing fields of the induced metric. The fields defined on N as
well as their restrictions to M˜ will be denoted by the same symbol LAB. Restricting
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the fields LAB to M˜ we get 10 linearly independent Killing fields of the metric g˜. This
is the maximum number of the independent Killing fields the four-dimensional metric
can have, so LAB span the space of the Killing fields of the metric g˜.
The formula (3.15) shows that the metric η in the coordinates (l, t¯, r¯, θ, φ) has
the form (2.1) which implies that the CYK tensors of the metric η restricted to the
surface l = const. are the CYK tensors of the induced metric. In this way from the
CYK tensors in N we obtain the CYK tensors in M˜ . Let us consider 10 linearly
independent tensors dyA∧ dyB defined in N . Obviously they are Yano tensors of the
metric η. Their restriction to the submanifold M˜ gives us 10 linearly independent
CYK tensors of g˜. None of them is Yano tensor. We have4:
ξ for dy0 ∧ dyi equals s 3
l2
L0i, (3.24)
ξ for dy0 ∧ dy4 equals − s 3
l2
L04, (3.25)
ξ for dyi ∧ dyj equals − s 3
l2
Lij , (3.26)
ξ for dyi ∧ dy4 equals s 3
l2
Li4 (3.27)
(remember that according to the previous notation ξ for a CYK tensor Q is defined by
the formula ξν := Qµν ;µ). It turns out that all the tensors of the form ∗( dyA ∧ dyB)
(where ∗ denotes Hodge duality related to the metric g˜) are Yano tensors. Tensors
dyA ∧ dyB and ∗( dyA ∧ dyB) are linearly independent and there are twenty of them,
therefore they span the space of all solutions of the CYK equation for the (anti-)de
Sitter metric.
At the end, we consider the correspondence between CYK tensors in Minkowski
spacetime and the solutions of CYK equation in (anti-)de Sitter spacetime – tensors
dyA ∧ dyB and ∗( dyA ∧ dyB). To be more precise, we examine the behaviour of the
coefficients of the latter when we pass to the limit l → ∞ (as we know, in this limit
the metric g˜ becomes the flat Minkowski metric). There is, however, a crucial issue
we have to mention. Any CYK tensor can be multiplied by a constant, but on M˜ the
function l is constant. Therefore in order to obtain finite, non-zero limit we have to
multiply each CYK tensor by a proper power of l. Finally we get
4Tensors restricted to M˜ will be denoted by the same symbols as the tensors defined on N . Hence
yA can be treated as functions on M˜ defined by the formulae (3.5)–(3.9) or (3.10)–(3.14), where l is
a constant.
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lim
l→∞
( dyi ∧ dyj) = (Ti ∧ Tj),
lim
l→∞
∗( dyi ∧ dyj) = ∗(Ti ∧ Tj),
lim
l→∞
( dyi ∧ dy4) = (T0 ∧ Ti),
lim
l→∞
∗( dyi ∧ dy4) = ∗(T0 ∧ Ti), (3.28)
lim
l→∞
(l dy0 ∧ dyi) = −s(D ∧ Ti),
lim
l→∞
∗(l dy0 ∧ dyi) = −s ∗ (D ∧ Ti),
lim
l→∞
(l dy0 ∧ dy4) = s(D ∧ T0),
lim
l→∞
∗(l dy0 ∧ dy4) = s ∗ (D ∧ T0),
where the space of Killing fields is spanned by the fields
Tµ := ∂
∂xµ
, Lµν := xµ ∂
∂xν
− xν ∂
∂xµ
(3.29)
(here (xµ) are Cartesian coordinates, xµ = ηµνx
ν , ηµν := diag(−1, 1, 1, 1)) and
D := xµ ∂
∂xµ
(3.30)
is a dilation vector field.
Remark: The formulae (3.28) imply that different CYK tensors in the (anti-)de
Sitter metric may converge to the same tensor in Minkowski spacetime, e.g. ∗( dy1 ∧
dy2) and dy4 ∧ dy3 go to ∗(T1 ∧ T2) = T3 ∧ T0, although ∗( dy1 ∧ dy2) differs from
dy4 ∧ dy3.
Moreover, we obtain the rest of CYK tensors in the Minkowski spacetime as fol-
lows:
lim
l→∞
l2( dy1 ∧ dy2 − ∗ dy3 ∧ dy4) = −sL˜12 , (3.31)
lim
l→∞
l2( dy1 ∧ dy3 − ∗ dy4 ∧ dy2) = −sL˜13 ,
lim
l→∞
l2( dy2 ∧ dy3 − ∗ dy1 ∧ dy4) = −sL˜23 ,
lim
l→∞
l2( dy4 ∧ dy1 − ∗ dy2 ∧ dy3) = sL˜01 ,
lim
l→∞
l2( dy4 ∧ dy2 − ∗ dy3 ∧ dy1) = sL˜02 ,
lim
l→∞
l2( dy4 ∧ dy3 − ∗ dy1 ∧ dy2) = sL˜03 ,
where
L˜µν := D ∧ Lµν − 1
2
η(D,D)Tµ ∧ Tν (3.32)
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(and s = 1 for de Sitter, s = −1 for anti-de Sitter respectively). The above formulae
show how to obtain all CYK tensors in Minkowski spacetime from the solutions of
CYK equation in (anti-)de Sitter spacetime.
4 Asymptotic anti-de Sitter spacetime
For asymptotic analysis let us change the radial coordinate in the anti-de Sitter metric
(3.1) as follows
z :=
l
r +
√
r2 + l2
, r¯ =
r
l
=
1− z2
2z
,
which implies that
g˜AdS =
l2
z2
[
dz2 −
(
1 + z2
2
)2
dt¯2 +
(
1− z2
2
)2
dΩ2
]
. (4.1)
The above particular form of g˜AdS is well adopted to the so-called conformal com-
pactification (see e.g. [14], [18]). More precisely, the metric g on the interior M˜ of a
compact manifoldM with boundary ∂M is said to be conformally compact if g ≡ Ω2g˜
extends continuously (or with some degree of smoothness) as a metric to M , where
Ω is a defining function for the scri I = ∂M , i.e. Ω > 0 on M˜ and Ω = 0, dΩ 6= 0
on ∂M . In the case of AdS metric (4.1) we have
gAdS = Ω
2g˜AdS, where Ω :=
z
l
.
According to [13], [18] and [34], our four-dimensional asymptotic AdS spacetime
metric g˜ assumes in canonical coordinates5 the following form:
g˜ = g˜µν dz
µ ⊗ dzν = l
2
z2
(
dz ⊗ dz + hab dza ⊗ dzb
)
(4.2)
and the three-metric h obeys the following asymptotic condition:
h = hab dz
a ⊗ dzb =
(0)
h + z
2
(2)
h + z
3χ+O(z4) . (4.3)
Let us observe that the term χ vanishes for the pure AdS given by (4.1). Moreover,
the terms
(0)
h and
(2)
h have the standard form
(0)
h =
1
4
( dΩ2 − dt¯2) , (4.4)
(2)
h = −1
2
( dΩ2 + dt¯
2) . (4.5)
5Sometimes it is called Fefferman-Graham coordinate system.
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For generalized (asymptotically locally) anti-de Sitter spacetimes tensors
(0)
h and
(2)
h
need not to be conformally “trivial”, i.e. in the form (4.4) and (4.5) respectively. Such
more general situation has been considered e.g. by Anderson, Chrus´ciel [2], Graham
[13], Skenderis [35]. Let us stress that in the general case only the induced metric
(0)
h may be changed freely beyond the conformal class,
(2)
h is always given by (4.81).
Moreover,
(0)
h and χ form a symplectic structure on conformal boundary (cf. Section
5).
However, we assume the standard asymptotic AdS: The induced metric h on I is in
the conformal class of the “Einstein static universe”, i.e.
(0)
h = exp(ω)( dΩ2 − dt¯2) (4.6)
for some smooth function ω. This implies that our I is a timelike boundary.
We use the following convention: Greek indices µ, ν, . . . label spacetime coordinates
in M˜ and run from 0 to 3; Latin indices a, b, . . . label coordinates on a tube S := {z =
const.} and run from 0 to 2.
Functions yA given by equations (3.10–3.14) and restricted to M˜ can be expressed
in coordinate system (zµ) ≡ (z0, z1, z2, z3) ≡ (t¯, θ, φ, z) as follows
y0 = Ω−1
1 + z2
2
cos t¯ , (4.7)
yk = Ω−1
1− z2
2
nk , (4.8)
y4 = Ω−1
1 + z2
2
sin t¯ , (4.9)
where k = 1, 2, 3, and
n :=
 sin θ cosφsin θ sin φ
cos θ

is a radial unit normal in Euclidean three-space (identified with a point on a unit
sphere parameterized by coordinates (θ, φ)).
Let us denote a CYK tensor in AdS spacetime by [AB]Q˜ := l dyA ∧ dyB. Coordi-
nates yA restricted to M˜ , given by equations (4.7–4.9), lead to the following explicit
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formulae for two-forms [AB]Q˜:
[04]Q˜ =
1
4
Ω−3(1− z4) dt¯ ∧ dz , (4.10)
[jk]Q˜ =
1
4
Ω−3
[
(1− z4)(nj dnk − nk dnj) ∧ dz + z(1− z2)2 dnj ∧ dnk] , (4.11)
[0k]Q˜ =
1
4
Ω−3
[
(1− z2)2 cos t¯ dnk ∧ dz + nk(1 + z2)2 sin t¯ dt¯ ∧ dz (4.12)
+ z(1 − z4) sin t¯ dnk ∧ dt¯] ,
[4k]Q˜ =
1
4
Ω−3
[
(1− z2)2 sin t¯ dnk ∧ dz − nk(1 + z2)2 cos t¯ dt¯ ∧ dz (4.13)
− z(1− z4) cos t¯ dnk ∧ dt¯] .
The other ten solutions we get applying Hodge star isomorphism. More precisely, an
orthonormal frame e0 := Ω−1
(
1+z2
2
)
dt¯, e1 := Ω−1
(
1−z2
2
)
dθ, e2 := Ω−1
(
1−z2
2
)
sin θ dφ,
e3 := Ω−1 dz for the metric tensor (4.1), i.e. g˜AdS = −e0⊗e0+
∑3
k=1 e
k⊗ek, enables one
to calculate Hodge dual in a simple way, i.e. ∗(e0∧e1) = −e2∧e3, ∗(e0∧e2) = −e3∧e1,
∗(e0 ∧ e3) = −e1 ∧ e2, ∗(e1 ∧ e2) = e0 ∧ e3, ∗(e2 ∧ e3) = e0 ∧ e1, ∗(e3 ∧ e1) = e0 ∧ e2.
Moreover,
dn =
 cos θ cosφ dθ − sin θ sin φ dφcos θ sin φ dθ + sin θ cosφ dφ
− sin θ dθ
 = 2Ω
1− z2
 cos θ cos φ e1 − sin φ e2cos θ sinφ e1 + cosφ e2
− sin θ e1
 .
Finally, for the dual two-forms ∗Q˜ we have
∗ [04]Q˜ =
(
1− z2
2Ω
)3
sin θ dθ ∧ dφ , (4.14)
∗[jk]Q˜ = 1 + z
2
2Ω3
dt¯ ∧
[
znl dz − 1− z
4
4
dnl
]
ǫjkl , (4.15)
∗[0i]Q˜ = 1− z
2
2Ω3
[(
1− z4
4
cos t¯ dt¯ + z sin t¯ dz
)
∧ nj dnk (4.16)
− 1− z
4
8
sin t¯ dnj ∧ dnk
]
ǫijk ,
∗[4i]Q˜ = 1− z
2
2Ω3
[
z cos t¯ nj dnk ∧ dz − sin t¯
(
1− z4
4
)
nj dnk ∧ dt¯ (4.17)
+ cos t¯
(
1− z4
8
)
dnj ∧ dnk
]
ǫijk ,
where
ǫijk :=

+1 if ijk is an even permutation of 1, 2, 3
−1 if ijk is an odd permutation of 1, 2, 3
0 in any other cases
.
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According to Theorem 2 for conformally rescaled metric gAdS we get conformally
related CYK tensors Q := Ω−3Q˜. Their boundary values at conformal infinity
I := {z = 0} take the following form:
[04]Q
∣∣
z=0
=
1
4
dt¯ ∧ dz , (4.18)
[jk]Q
∣∣
z=0
=
1
4
(nj dnk − nk dnj) ∧ dz , (4.19)
[0k]Q
∣∣
z=0
=
1
4
(
cos t¯ dnk ∧ dz + nk sin t¯ dt¯ ∧ dz) , (4.20)
[4k]Q
∣∣
z=0
=
1
4
(
sin t¯ dnk ∧ dz − nk cos t¯ dt¯ ∧ dz) . (4.21)
In Section 6, when we define charges associated with CYK tensors, it will be clear that
(4.18) corresponds to the total energy and (4.19) to the angular momentum. From
this point of view CYK tensors (4.20-4.21) correspond to the linear momentum and
static moment. Similarly, for dual conformally related CYK tensors ∗Q := Ω−3 ∗ Q˜
we obtain the following boundary values at conformal infinity:
∗ [04]Q∣∣
z=0
=
1
8
sin θ dθ ∧ dφ , (4.22)
∗[jk]Q∣∣
z=0
=
1
8
ǫjki dn
i ∧ dt¯ , (4.23)
∗[0i]Q∣∣
z=0
=
1
8
ǫijk
[
cos t¯ dt¯ ∧ nj dnk − 1
2
sin t¯ dnj ∧ dnk
]
, (4.24)
∗[4i]Q∣∣
z=0
=
1
8
ǫijk
[
1
2
cos t¯dnj ∧ dnk − sin t¯ nj dnk ∧ dt¯
]
. (4.25)
Let us notice that the “rotated in time” boundary values for ∗[0i]Q, ∗[4i]Q(∗[0i]Q cos t¯ + ∗[4i]Q sin t¯) ∣∣
z=0
=
1
8
ǫijk dt¯ ∧ nj dnk , (4.26)(∗[4i]Q cos t¯− ∗[0i]Q sin t¯) ∣∣
z=0
=
1
16
ǫijk dn
j ∧ dnk (4.27)
and respectively for [4i]Q, [0i]Q(
[0k]Q cos t¯+ [4k]Q sin t¯
) ∣∣
z=0
=
1
4
dnk ∧ dz , (4.28)(
[4k]Q cos t¯− [0k]Q sin t¯) ∣∣
z=0
=
1
4
nk dz ∧ dt¯ (4.29)
significantly simplify.
We denote by (zM ) the coordinates on a unit sphere (M = 1, 2, z1 = θ, z2 = φ)
and by γMN the round metric on a unit sphere:
dΩ2 = γMN dz
M dzN = dθ2 + sin2 θ dφ2 .
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Let us also denote by εMN a two-dimensional skew-symmetric tensor on S2 such that
sin θεθφ = 1. Boundary values for Killing vector fields LAB at I are:
L40
∣∣
z=0
=
∂
∂t¯
, (4.30)
Ljk
∣∣
z=0
= ǫjklε
NMnl,M
∂
∂zN
, L12
∣∣
z=0
=
∂
∂φ
, (4.31)
Li0
∣∣
z=0
= cos t¯γ−1( dni)− sin t¯ni ∂
∂t¯
, (4.32)
Li4
∣∣
z=0
= sin t¯γ−1( dni) + cos t¯ni
∂
∂t¯
. (4.33)
Together with (4.18-4.21) and (4.4) they lead to the following universal formula:
[AB]Q =
(0)
h (L
AB) ∧ dz , (4.34)
where LAB := ηACηBDLCD. Similarly,
∗[AB]Q = LAB⌋vol(
(0)
h ) , (4.35)
where vol(
(0)
h ) :=
√
− det
(0)
h dt¯ ∧ dθ ∧ dφ is a canonical volume three-form on I .
Moreover,
∗ [34]Q˜ = Ω−3
[
sin t¯ sin2 θ
(
1 + z2
2
)(
1− z2
2
)2
dφ ∧ dt¯
− cos t¯ cos θ sin θ
(
1 + z2
2
)(
1− z2
2
)2
dθ ∧ dφ (4.36)
−z cos t¯ sin2 θ
(
1− z2
2
)
dφ ∧ dz
]
= Ω−3
[
sin t¯
(
1 + z2
2
)(
1− z2
2
)2
(n1 dn2 − n2 dn1) ∧ dt¯
− cos t¯
(
1 + z2
2
)(
1− z2
2
)2
dn1 ∧ dn2 (4.37)
−z cos t¯
(
1− z2
2
)
(n1 dn2 − n2 dn1) ∧ dz
]
and
[12]Q˜ = Ω−3
[
z
(
1− z2
2
)2
dn1 ∧ dn2
+
(
1− z2
2
)(
1 + z2
2
)
(n1 dn2 − n2 dn1) ∧ dz
]
. (4.38)
Formula (3.31) suggests that CYK tensor [12]Q− ∗[34]Q should correspond to L˜12
in Minkowski spacetime hence the third (z-th) component of angular momentum may
correspond to [12]Q− ∗[34]Q instead of [12]Q (see Section 6).
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4.1 Examples
Schwarzschild-AdS solution (cf. [22]):
ds2 = −
(
r2
l2
+ 1− 2m
r
)
dt2 +
(
r2
l2
+ 1− 2m
r
)−1
dr2 + r2 dΩ2 (4.39)
may be transformed into the canonical form (4.2) with the help of the coordinate z
defined by the following elliptic integral:
z = exp
(∫
dw
w
√
1 + w2 − bw3
)
,
where b := 2m
l
and w := l
r
. For the function F implicitly defined by the following
conditions:
F (b, 0) = 0 , F (0, w) = − w
1 + w2
+ arsinhw ,
∂F
∂w
=
w2
(
√
1 + w2 +
√
1 + w2 − bw3)√1 + w2√1 + w2 − bw3
we have
z =
w
1 +
√
1 + w2
exp[bF (b, w)] . (4.40)
Let us change a temporal coordinate in M to t¯ = t
l
. On surface S the three-metric h
can be expressed as follows:
h =
(
exp(bF )
1 +
√
1 + w2
)2 [
dΩ2 − (1 + w2 − bw3) dt¯2
]
with the components given only in an implicit form6. Moreover, the asymptotics of
F :
F (b, w) =
1
6
w3 − 3
20
w5 +
b
16
w6 +O(w7)
enable one to derive the asymptotic form (4.3) for the three-metric hab in the Schwarzschild-
AdS spacetime. More precisely,
h = e2bF
{(
1− z2e−2bF
2
)2
dΩ2 −
[(
1 + z2e−2bF
2
)2
− 2bz
3e−3bF
1− z2e−2bF
]
dt¯2
}
and
F =
4
3
z3
(
1 +O(z2)
)
6In order to have it explicitly we should express variable w in terms of z, i.e. we have to find the
inverse function w(z) for z(w) given by (4.40).
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give
(0)
h =
1
4
( dΩ2 − dt¯2) , (4.41)
(2)
h = −1
2
( dΩ2 + dt¯
2) , (4.42)
χ =
4m
3l
( dΩ2 + 2dt¯
2) . (4.43)
The solution of Einstein equations with mass, angular momentum and negative
cosmological constant is explicitly given by
g˜Kerr-AdS = g˜tt dt
2 + 2g˜tφ dt dφ+ g˜rr dr
2 + g˜θθ dθ
2 + g˜φφ dφ
2 , (4.44)
where
g˜tt = −1 + 2mr
ρ2
− r
2 + a2 sin2 θ
l2
, g˜tφ = −a sin2 θ
(
2mr
ρ2
− r
2 + a2
l2
)
,
g˜rr =
ρ2
△+ (r2 + a2) r2
l2
, g˜θθ =
ρ2
1− a2 cos2 θ
l2
,
g˜φφ = sin
2 θ
[
(r2 + a2)
(
1− a
2
l2
)
+
2mra2 sin2 θ
ρ2
]
, (4.45)
with ρ2 and △ defined as follows:
ρ2 := r2 + a2 cos2 θ and △ := r2 − 2mr + a2 . (4.46)
Asymptotic behaviour of hab for Kerr-AdS is analyzed in Appendix A and gives the
following result:
(0)
h =
1
4
(
a¯ sin θ¯ +
√
1− a¯2 cos2 θ¯
)2 [ 1
1− a¯2 cos2 θ¯ dθ¯
2 + (4.47)
+2a¯ sin2 θ¯ dt¯ dφ+ sin2 θ¯(1− a¯2) dφ2 − dt¯2
]
,
(0)
h =
1− a¯2
4 (1− a¯ sinΘ)2
[
dΘ2 + sin2ΘdΦ2 − dt¯2
]
, (4.48)
χ =
bω
3
{
2 dt¯2 − 4a¯ sin2 θ¯ dt¯ dφ+ (1− a¯2 + 3a¯2 sin2 θ¯) sin2 θ¯ dφ2
+
dθ¯2
1− a¯2 cos2 θ¯
}
, (4.49)
where the canonical coordinate systems (t¯, θ¯, φ, z) is precisely defined in Appendix A.
Moreover, another system of coordinates (t¯,Θ,Φ, R) given by (A.19-A.21) enables one
to check explicitly conformal flatness of
(0)
h (see formula (4.48) above). Parameters a¯,
b are the rescaled constants a and m respectively, a¯ := a
l
, b := 2m
l
.
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According to [19], the Pleban´ski–Demian´ski metric for the case of black-hole space-
times becomes
ds2 =
1
Ω2
{
Q
ρ2
[
dt− (a sin2 θ + 4l sin2 θ
2
)
dφ
]2 − ρ2
Q
dr2
− P˜
ρ2
[
a dt−
(
r2 + (a+ l)2
)
dφ
]2
− ρ
2
P˜
sin2 θ dθ2
}
,
(4.50)
where
Ω = 1− α
ω
(l + a cos θ) r ,
ρ2 = r2 + (l+ a cos θ)2 ,
P˜ = sin2 θ (1− a3 cos θ − a4 cos2 θ) ,
Q = (ω2k + e2 + g2)− 2mr + ǫr2 − 2αn
ω
r3 −
(
α2k +
Λ
3
)
r4
(4.51)
and
a3 = 2α
a
ω
m− 4α2 al
ω2
(ω2k + e2 + g2)− 4Λ
3
al ,
a4 = −α2 a
2
ω2
(ω2k + e2 + g2)− Λ
3
a2
(4.52)
with ǫ, n and k given by the following formulae:
ǫ =
ω2k
a2 − l2 + 4α
l
ω
m− (a2 + 3l2)
[
α2
ω2
(ω2k + e2 + g2) +
Λ
3
]
, (4.53)
n =
ω2k l
a2 − l2 − α
(a2 − l2)
ω
m+ (a2 − l2)l
[
α2
ω2
(ω2k + e2 + g2) +
Λ
3
]
, (4.54)
(
ω2
a2 − l2 + 3α
2l2
)
k = 1 + 2α
l
ω
m− 3α2 l
2
ω2
(e2 + g2)− l2Λ . (4.55)
It is also assumed that |a3| and |a4| are sufficiently small that P˜ has no additional
roots with θ ∈ [0, π]. This solution contains eight arbitrary parameters m, e, g, a, l,
α, Λ and ω. Of these, the first seven can be varied independently, and ω can be set
to any convenient value if a or l are not both zero.
When α = 0, (4.55) becomes ω2k = (1− l2Λ)(a2− l2) and hence (4.53) and (4.54)
become
ǫ = 1− (1
3
a2 + 2l2)Λ , n = l+ 1
3
(a2 − 4l2)lΛ.
The metric is then given by (4.50) with
Ω = 1 ,
ρ2 = r2 + (l+ a cos θ)2 ,
P˜ = sin2 θ(1 + 4
3
Λal cos θ + 1
3
Λa2 cos2 θ) ,
Q = (a2 − l2 + e2 + g2)− 2mr + r2 − Λ
[
(a2 − l2)l2 + (1
3
a2 + 2l2)r2 + 1
3
r4
]
.
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This is exactly the Kerr–Newman–NUT–de Sitter solution in the form which is regular
on the half-axis θ = 0. It represents a non-accelerating black hole with massm, electric
and magnetic charges e and g, a rotation parameter a and a NUT parameter l in a
de Sitter or anti-de Sitter background. It reduces to known forms when l = 0 or a = 0
or Λ = 0.
It would be nice to understand in what sense this solution is asymptotically AdS
when we choose Λ negative. We start the analysis of this question with a simplest
nontrivial extension of Schwarzschild-AdS, namely we assume the following form of
the metric:
ds2 =
l2
w2
(1 + l¯2w2)
[
dΩ2 + A
−1 dw2 − A
(1 + l¯2w2)2
(
dt¯− 4l¯ sin2 θ
2
dφ
)2]
(4.56)
which corresponds to the choice α = a = e = g = 0, Λ = − 3
l2
in (4.50). Moreover,
A := 1 + w2(1 + 6l¯2)− bw3 − (1 + 3l¯2)l¯2w4 , l¯ := l
l
,
and b, w, t¯ were defined previously (b := 2m
l
, w := l
r
, t¯ := t
l
). The canonical coordinate
z is defined by the following integral:
z = exp
∫ dw
w
√
1 + l¯2w2
A(w)

which should be more deeply analyzed if we want to obtain χ. For
(0)
h the situation
is much simpler because I corresponds to z = w = 0 and the induced metric at I
takes the following form:
(0)
h =
1
4
[
dΩ2 −
(
dt¯− 4l¯ sin2 θ
2
dφ
)2]
(4.57)
and its inverse
(0)
h
ab∂a∂b = 4
[
−∂2t¯ + ∂2θ +
1
sin2 θ
(
∂φ + 4l¯ sin
2 θ
2
∂t¯
)2]
. (4.58)
All the above calculations in this Section bring us closer (with the help of “succesive
approximation method”) to the answer what is the asymptotics of hab in Kerr–NUT–
AdS spacetime. We know already the full asymptotics of Kerr-AdS, i.e. when l = 0
(see Appendix A), and we derive
(0)
h ,
(2)
h for NUT-AdS, i.e. when a = 0 (cf. (4.57),
(4.81) and Appendix B). This is enough to perform the analysis of asymptotic charges
(see Section 6). We hope to extend our calculations for the full Kerr–Newman–NUT–
AdS spacetime in the future.
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4.2 Conformal rescaling
The method exploits the properties of the asymptotic anti-de Sitter spacetime under
conformal transformations. Let us consider a metric g˜ related to g by a conformal
rescaling:
g˜µν = Ω
−2gµν ⇐⇒ g˜µν = Ω2gµν . (4.59)
It is straightforward to derive
Γ˜µνκ = Γ
µ
νκ + δ
µ
κ∂νU + δ
µ
ν∂κU − gνκ∇µU , (4.60)
where ∇ denotes the covariant derivative of g and U := − log Ω. Moreover, in the
case of asymptotic AdS we can choose
Ω :=
z
l
.
Riemann tensor is defined as usual:
R˜µναβ = −Γ˜µνα,β + Γ˜µνβ,α + Γ˜µγαΓ˜γβν − Γ˜µγβΓ˜γαν .
To analyse Einstein equations we shall use the following formula (cf. chapter 3.7
in [38]):
R˜µν = Rµν − U ;α;αgµν + (n− 2) (U;µU;ν − U;γU ;γgµν − U;µν) . (4.61)
A (3 + 1)-decomposition of the rescaled metric g in canonical coordinates takes a
simple form:
g = gµν dz
µ ⊗ dzν = hab dza ⊗ dzb + dz ⊗ dz ,
where h is the induced metric on a tube S.
The extrinsic curvature
Kab :=
1
2
∂3gab
of the surface S enables one to derive the following Christoffel symbols for the Levi-
Civita connection of the metric gµν :
Γ3ab = −Kab , Γa3b = Kcbhca .
Moreover, the rest of them are as follows:
Γ33µ = Γ
µ
33 = 0 , Γ
a
bc = Γ
a
bc(h) .
Ricci tensor of the four-metric g expresses in terms of initial data (h,K) on S as
follows:
R33 = −∂3Kaa −KabKba , (4.62)
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Rab = Rab(h)− ∂3Kab + 2KbcKca −KccKab , (4.63)
R3a = K
b
a|b −Kbb|a , (4.64)
where by “|” we denote a covariant derivative with respect to the three-metric h and
Rab(h) is its Ricci tensor.
Riemann tensor (curvature of the metric g):
Rabcd = Rabcd(h) +KbcKad −KbdKac , (4.65)
R3abc = Kab|c −Kac|b , (4.66)
R3a3b = −∂3Kab +KacKcb . (4.67)
In particular,
R0303 = −∂3K00 −K0aKa0 .
The conformal Weyl tensor is defined as follows (cf. [15])
W µνλρ = R
µ
νλρ + gν[λSρ]
µ − δµ[λSρ]ν , (4.68)
where
Sµν = Rµν − 1
6
Rgµν .
Gauss-Codazzi-Ricci equations (4.65 – 4.67) imply:
Racdbh
cd = −Rab(h) +KccKab −KbcKca ,
εa
cdR3bcd = εa
cd
(
Kbd|c −Kbc|d
)
= −2εacdKbc|d ,
where εabc is the Levi-Civita antisymmetric tensor for the three-metric h such that√− det h ε012 = 1.
Components of the Weyl tensor (with respect to initial data on S) one can nicely
describe in terms of traceless symmetric tensors E and B, electric and magnetic parts
of W respectively. The electric part can be derived as follows:
Eab := Wa3b3 = Wacdbh
cd = Racdbh
cd +
(
hc[dSb]
a − ha[dSb]c
)
hcd (4.69)
= −Rab(h) +KccKab −KbcKca + 1
2
Sab +
1
2
habScdh
cd , (4.70)
where
Sab = Rab(h)− 1
6
R(h)hab + 1
6
hab
(
K2 + 2∂3K
)
(4.71)
+2KbcK
c
a − ∂3Kab −KKab
20
as a consequence of (4.62-4.64) and K := Kcc.
The magnetic part of W takes the following form:
Bab :=
∗Wa3b3 = −∗Wa33b (4.72)
= −1
2
εa
cdR3bcd + εa
cdgc[dSb]3 (4.73)
= εa
cdKbc|d +
1
2
εa
cdhbcSd3 (4.74)
=
1
2
εa
cdKbc|d +
1
2
εb
cdKac|d , (4.75)
where S3a = R3a is given by (4.64), and the magnetic part (4.72) we derived as follows:
2∗Wa33b = εa3µνW
µν
3b = εacd3W
cd
3b = εacdW
cd
3b = εa
cdW3bcd
= εa
cdR3bcd + εa
cdgb[cSd]3 − g3[cSd]b . (4.76)
The Einstein equations with cosmological constant
Λ = − 3
l2
may be rewritten with the help of the conformal transformation (4.61) in the following
form:
0 = R˜33 − Λg˜33 = R33 + 1
z
gabK
c
c , (4.77)
0 = R˜ab − Λg˜ab = Rab + 2
z
Kab +
1
z
gabK
c
c , (4.78)
0 = R˜3a − Λg˜3a = R3a = Kba|b −Kbb|a , (4.79)
where the last equality follows from (4.64). Equation (4.79) is the usual vector con-
straint. The scalar one is hidden in the term Rabh
ab − R33. More precisely, from
(4.62), (4.63), (4.77) and (4.78) we obtain
[Rab(h) +KbcKca −KccKab] hab + 4
z
Kcc = 0 .
The equations (4.78) imply the standard asymptotics (4.3) for the three-metric h.
Moreover, for the extrinsic curvature Kab we get:
Kab = z
(
(2)
h + 3zχ
)
+O(z3) , (4.80)
where
(2)
h ab =
1
4
(0)
h abR
(
(0)
h
)
−Rab
(
(0)
h
)
(4.81)
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(cf. [34]). In addition, equation (4.62) together with (4.77) rewritten in the form
∂3K
c
c − 1
z
Kcc +K
a
bK
b
a = 0
imply
χab
(0)
h
ab = 0 . (4.82)
Let us also notice that the leading order term in the vector constraint
Kba|b −Kbb|a = 0
corresponding to
(2)
h in (4.80) is equivalent to the contracted Bianchi identity
Rba|b − 1
2
Rbb|a = 0 .
However, the next order term gives for χ the following constraint:
∇b(
(0)
h )χ
b
a = 0 . (4.83)
Equations (4.82) and (4.83) express the fact that the tensor χ which is not determined
by asymptotic analysis is transverse traceless with respect to the metric
(0)
h .
Finally,
Eab = −3zχab +O(z2) , (4.84)
Bab =
z
2
(
εa
cd
(2)
h bc|d + εb
cd
(2)
h ac|d
)
+O(z2) (4.85)
= −z
2
(
εa
cdRbc|d + εbcdRac|d
)
+O(z2) . (4.86)
Let us denote
βab := εa
cdRbc|d + εbcdRac|d (4.87)
the leading order term in Bab which plays a similar role to the tensor χ in Eab.
Symmetric tensor β is equivalent to the Cotton tensor7
Cabc := Rab|c −Rac|b + 1
4
(
hacR|b − habR|c
)
(4.88)
via the following relation between them:
βab = εa
cdCbcd = 2εa
cdRbc|d − 1
2
εab
cR|c
which implies that for the usual asymptotic AdS spacetime, i.e. when metric
(0)
h is
conformally flat and its Cotton tensor vanishes, the tensor β has to vanish as well.
In general case, for non-trivial
(0)
h , contracted Bianchi identities for Ricci tensor
Rab imply that the tensor β has the same properties as χ, i.e. is transverse traceless.
A generalization of some results presented in this Section to higher dimension of
the spacetime can be found in [5], [21].
7 Three-dimensional counterpart of the Weyl tensor.
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5 Symplectic structure on tube
In [29] the following theorem was proved:
Theorem 3. Field dynamics in a four-dimensional region O is equivalent to
δ
∫
O
L = − 1
16π
∫
∂O
gkl δΠ
kl , (5.1)
where gkl is the three-dimensional metric induced on the boundary ∂O by gµν and Π
is the extrinsic curvature (in A.D.M. densitized form) of ∂O.
This theorem shows the universality of the symplectic structure:∫
∂O
δΠkl ∧ δgkl .
In our case a boundary data on S consists of the three-metric h˜ab and canonical
A.D.M. momentum Q˜ab which is related with extrinsic curvature K˜ab in the usual
way:
Q˜ab =
√
−h˜
(
K˜ab − h˜cdK˜cdh˜ab
)
.
Conformal rescaling of the three-metric and extrinsic curvature
h˜ab = Ω
−22hab , K˜ab = − Γ˜
3
ab√
h˜33
= Ω−1
(
Kab − 1
z
hab
)
enables one to analyze the symplectic structure as follows:
h˜abδQ˜
ab = δ
(
h˜abQ˜
ab
)
− Q˜abδh˜ab
= δ
(
h˜abQ˜ab
)
+ Q˜abδh˜
ab . (5.2)
In particular, (5.2) implies∫
S
δh˜ab ∧ δQ˜ab =
∫
S
δQ˜ab ∧ δh˜ab .
Moreover,
Q˜abδh˜
ab = Ω−2
√−h
(
Kab − 2
z
hab −Kcchab
)
δhab (5.3)
= 4Ω−3
1
l
δ
√
−h + Ω−2
√
−h (Kab − hcdKcdhab) δhab . (5.4)
With the help of standard variational identitites:
δ
√−h = 1
2
√−hhabδhab ,
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δRab(h) = δΓ
c
ab|c − δΓcac|b ,
δ
(√
−hR(h)
)
=
√
−h
(
Rab − 1
2
habR
)
δhab + ∂c
[√
−h (habδΓcab − hacδΓbab)] ,
we analyze the singular part of (5.3) as follows:
sing(Q˜abδh˜
ab) = δ
(
4Ω−3
1
l
√
−h
)
+
√
−hΩ−2z
(
Rab − 1
2
habh
cdRcd
)
δhab
=
1
l
δ
{
4Ω−3
√
−h + Ω−2
√
−hR
}
+ full divergence (5.5)
which is a full variation up to boundary terms. Finally
lim
ǫ→0
∫
Sǫ
δQ˜ab ∧ δh˜ab = 3l2
∫
I
δ
[√
− det
(0)
h
(
χab −
(0)
h abχ
c
c
)]
∧ δ
(0)
h
ab
= 3l2
∫
I
δ
[√
− det
(0)
h
(
χcc
(0)
h
ab − χab
)]
∧ δ
(0)
h ab , (5.6)
where Sǫ := {z = x3 = ǫ} is a tube close to infinity. Symplectic structure (5.6) on
conformal boundary consists of the metric
(0)
h ab and canonically conjugated momenta
πab := 3l2
√
− det
(0)
h
(
χcc
(0)
h ab − χab
)
in A.D.M. densitized form.
6 Asymptotic charges
Let F˜µν := W˜µνρσQ˜
ρσ and Fµν := WµνρσQ
ρσ respectively. The conformal rescaling
(4.59) and Theorem 2 (see [24]) imply a simple relation between F˜ and F :
F˜µν = Ω
−1Fµν . (6.1)
According to [28], Hodge dual of the two-form F˜ represented by a bivector density
defines an integral quantity at I as follows:
I(C) := lim
z→0+
∫
Cz
F˜ µν dS˜µν =
∫
C
(
lim
z→0+
Ω−1F µν dSµν
)
,
where Cz is a family of spheres approaching C – sphere at infinity (cut of I ),
dS˜µν :=
√
− det g˜∂µ ∧ ∂ν⌋ dz0 ∧ . . . ∧ dz3 ,
dSµν :=
√
− det g∂µ ∧ ∂ν⌋ dz0 ∧ . . . ∧ dz3 .
Let us consider asymptotic CYK tensor as a two-form Q˜ such that a boundary
value at I of the corresponding rescaled tensor Q is a linear combination of (4.34)
and (4.35), i.e. its boundary value is the same as in the case of pure AdS spacetime
(4.1).
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For asymptotic AdS spacetime formulae (4.84) and (4.86) imply that limz→0+ Ω
−1W
is finite. Moreover, for a given ACYK tensor Q˜ we obtain the well defined expression
I(C) which depends only on asymptotic values at I . Let us check that for a given
value Q at I the quantity I(C) does not depend on the choice of cut C, i.e. represents
a conserved quantity. We have∫
C
(
lim
z→0+
Ω−1F µν dSµν
)
=
∫
C
(
lim
z→0+
Ω−1F 3a dSa
)
,
where dSa := ∂a⌋vol(
(0)
h ). Moreover, for Q(L) =
(0)
h (L) ∧ dz (cf. (4.34))
lim
z→0+
Ω−1F 3a = lim
z→0+
Ω−1W 3aµνQµν = 6lχ
a
bL
b .
Similarly, for ∗Q(L) = L⌋vol(
(0)
h ) (cf. (4.35)) we get
lim
z→0+
Ω−1F 3a = lim
z→0+
Ω−1W 3aµν ∗Qµν = lβabLb ,
where βab is given by (4.87). If L = L
b∂b is a conformal Killing vector field for the
metric
(0)
h (which is true for ACYK tensors Q) the conservation law for I(C) results
from transverse traceless property of tensors χ and β. More precisely, for three-volume
V ⊂ I such that ∂V = C1 ∪ C2 we have∫
C1
χabL
b dSa −
∫
C2
χabL
b dSa =
∫
∂V
χabL
b dSa =
∫
V
∇a(χabLb)vol(
(0)
h ) (6.2)
=
∫
V
[
Lb∇aχab + χabL(a|b)
]
vol(
(0)
h ) = 0 . (6.3)
Let us define the following quantity:
H(Q) :=
l
32π
∫
C
Ω−1F µν(Q) dSµν . (6.4)
For ACYK tensor Q˜ in asymptotic AdS spacetime the corresponding quantity H(Q)
is conserved, i.e. does not depend on the choice of spherical cut C. In particular, for
the conformal Killing vector field L and Q(L) given by (4.34) the conserved charge
H(Q(L)) may be expressed in terms of electric part of Weyl tensor and takes the
following form8 proposed by Ashtekar [4], [5] (see also [21]):
H(Q(L)) = − l
16π
∫
C
Ω−1EabL
b dSa . (6.5)
In the Schwarzschild-AdS spacetime (4.39) for the Killing vector
L =
∂
∂t
= l−1
∂
∂t¯
= l−1∂0 (6.6)
8The apparent incompatibility of factors between our integral H(Q(L)) and Ashtekar’s definition
is related to a different choice of conformal factor Ω, our choice is twice smaller.
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definition (6.4) gives (minus) mass:
H(Q(L)) = − 1
16π
∫
C
Ω−1Ea0 dSa =
3l
16π
∫
C
χ00
√
− det
(0)
h dθ dφ = −m. (6.7)
The last equality in the above formula follows from (4.41) and (4.43). Obviously, the
same value −m we obtain for Kerr-AdS metric (4.44). Moreover, in the Kerr-AdS
spacetime for L = ∂
∂φ
we obtain the angular momentum:
H(Q(L)) = − l
16π
∫
C
Ω−1Eaφ dSa =
3l2
16π
∫
C
χ0φ
√
− det
(0)
h dθ dφ = ma . (6.8)
The details of calculations for the Kerr-AdS spacetime we present in the Appendix
A.1. Let us observe that our conserved quantity H(Q(L)) in terms of the symplectic
momenta πab at I takes the following form:
H(Q(L)) = − 1
16π
∫
C
π0bL
b dθ dφ , (6.9)
which is in the same A.D.M. form as the usual linear or angular momentum at spatial
infinity in asymptotically flat spacetime (cf. [11] p. 80).
Remark: In general case, when
(0)
h is not conformally flat, it may happen that one
obtains asymptotic charge which is no longer conserved — Bondi-like phenomena (cf.
[28]).
The “topological” charge one can try to define as follows:
H(∗Q(L)) = l
32π
∫
S2
Ω−1F µν(∗Q) dSµν = − l
16π
∫
S2
Ω−1BabL
b dSa .
We want to stress that, in general, we can meet problems with finding spherical cuts
of I . Hence the choice of a domain of integration for the corresponding two-form
Ω−1F µν(∗Q) dSµν has to be carefully analyzed. In NUT-AdS spacetime a conformal
boundary I equipped with the metric (4.57) is a non-trivial bundle over S2 – two-
dimensional sphere. However, for L given by (6.6), when the above formula pretends
to define “dual mass” charge, we have
− Ω−1BabLb dSa = −1
l
Ω−1Ba0 dSa (6.10)
=
1
2
√
− det
(0)
h
[
β00 dθ ∧ dφ+ dt¯ ∧ (βφ0 dθ − βθ0 dφ)
]
= 2l¯ sin θ dθ ∧ dφ , (6.11)
where the last equality one can easily check using formulae from Appendix B. Let us
notice that the resulting two-form projects uniquely on the base manifold which is a
two-dimensional sphere. Finally we have
2H(∗Q(L)) = l
16π
∫
S2
4l¯ sin θ dθ dφ = ll¯ = l
which confirms that we can interpret the NUT parameter l as a dual mass charge.
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7 Conclusions
We have constructed all solutions to CYK equation in AdS (and de-Sitter) spacetime
via pullback technique from five-dimensional flat ambient space.
Analyzing three important examples: Schwarzschild-AdS, Kerr-AdS and NUT-
AdS, we have shown how geometrically natural two-form F (built from Weyl tensor
W and ACYK tensor Q), leading to the universal definition of a global charge (6.4),
enables one to understand energy, angular momentum and dual mass in asymptotic
AdS spacetime. Definition (6.4) occurred to be equivalent to two other important
formulae (6.5) and (6.9).
The relation between Killing vector fields L and CYK tensors Q has been ex-
amined. However, the relation (3.31) between AdS and Minkowski suggests some
ambiguity in the definition of angular momentum when the three-metric
(0)
h is not
conformally flat. More precisely, CYK tensor [12]Q− ∗[34]Q corresponds to CYK ten-
sor L˜12 in Minkowski hence H([12]Q−∗[34]Q) should correspond to the third component
of the angular momentum. Obviously, in the standard asymptotic AdS spacetime the
quantity H(∗[34]Q) vanishes and the ambiguity disappears.
A Canonical coordinates for AdS-Kerr near I
The solution of Einstein equations with mass, angular momentum and negative cos-
mological constant explicitly given by (4.44) can be rewritten near I as follows:
g˜Kerr-AdS =
l2
w2
(1 + a¯2w2 cos2 θ)
(
dw2
1 + w2(1 + a¯2 − bw + a¯2w2) +
dθ2
1− a¯2 cos2 θ
)
+g˜tt dt
2 + 2g˜tφ dt dφ+ g˜φφ dφ
2, (A.1)
where a¯ := a
l
, b := 2m
l
, w := l
r
and
g˜tt = − 1
w2
− 1− a¯2 sin2 θ + bw
1 + a¯2w2 cos2 θ
,
g˜tφ = la¯ sin
2 θ
(
1
w2
+ a¯2 − bw
1 + a¯2w2 cos2 θ
)
,
g˜φφ = l
2 sin2 θ
[(
1
w2
+ a¯2
)
(1− a¯2) + bwa¯
2 sin2 θ
1 + a¯2w2 cos2 θ
]
. (A.2)
The canonical coordinate z(w, θ) fulfilling eikonal equation:∥∥∥∥ l dzz
∥∥∥∥2 = 1 (A.3)
can be found with the help of the following conditions:(
w
z
∂z
∂w
)2
[1 + w2(1 + a¯2 − bw + a¯2w2)] = 1 , (A.4)
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(
1
z
∂z
∂θ
)2
(1− a¯2 cos2 θ) = a¯2 cos2 θ . (A.5)
It is easy to check that each solution of (A.4-A.5) is simultaneously a solution of (A.3)
for the metric (A.1). We are looking for a solution of (A.4-A.5) in the following form:
ln z = A(w) +B(θ)
which leads to the following ODE’s:
w
dA
dw
=
1√
1 + w2(1 + a¯2 − bw + a¯2w2) (A.6)
dB
dθ
=
a¯ cos θ√
1− a¯2 cos2 θ . (A.7)
The solution of equation (A.6) expresses in terms of the elliptic integral
A =
∫
dw
w
√
1 + w2(1 + a¯2 − bw + a¯2w2)
but (A.7) possesses the simple solution:
B = ln
(
a¯ sin θ +
√
1− a¯2 cos2 θ
)
.
Moreover, considerations (similar to (4.40) in the case of Schwarzschild-AdS metric)
lead to the following formula:
A = ln
(
w
1 +
√
1 + w2(1 + a¯2)
)
+ F¯ (a¯, b, w)
with the function F¯ implicitly defined by the following conditions:
F¯ (a¯, b, 0) = 0 , F¯ (0, b, w) = bF (b, w) ,
w
∂F¯
∂w
=
1√
1 + w2(1 + a¯2 − bw + a¯2w2) −
1√
1 + w2(1 + a¯2)
. (A.8)
Finally, we have
z(w, θ) =
w
1 +
√
1 + w2(1 + a¯2)
(
a¯ sin θ +
√
1− a¯2 cos2 θ
)
exp[F¯ (a¯, b, w)] . (A.9)
Analyzing series expansion of the right-hand side of (A.8) we can easily produce an
asymptotic form of F¯ :
F¯ =
b
6
w3 − 1
8
a¯2w4 − 3b
20
(1 + a¯2)w5 +
1
16
[2a¯2(1 + a¯2) + b2]w6 +O(w7) (A.10)
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which enables one to analyze asymptotics at I . However, to obtain the canonical
form (4.2) for the metric g˜Kerr-AdS we should change a coordinate θ because g˜(dz, dθ)
is not vanishing. We are looking for a new coordinate θ¯(w, θ) with the following
properties:
θ¯(0, θ) = θ , g˜( dz, dθ¯) = 0 .
Orthogonality of coordinates z and θ¯ leads to the following condition:
∂θ¯
∂w
+
a¯w cos θ
√
1− a¯2 cos2 θ√
1 + w2(1 + a¯2 − bw + a¯2w2)
∂θ¯
∂θ
= 0
which implies that the curve θ¯(w, θ) = const. obeys the following ODE:
dθ
dw
= −
∂θ¯
∂w
∂θ¯
∂θ
=
a¯w cos θ
√
1− a¯2 cos2 θ√
1 + w2(1 + a¯2 − bw + a¯2w2) . (A.11)
It is easy to verify that ODE (A.11) leads again to elliptic integral. More precisely,
let us define
δ(τ) := a¯
∫ τ
0
w dw√
1 + w2(1 + a¯2 − bw + a¯2w2) ,
then the solution of (A.11) takes the following form:
δ(w) = artanh
sin θ√
1− a¯2 cos2 θ − artanh
sin θ¯√
1− a¯2 cos2 θ¯
(A.12)
= a¯
[
1
2
w2 − 1
8
(1 + a¯2)w4 +
b
10
w5 +O(w6)
]
. (A.13)
Now, we are ready to calculate induced three-metric h on the surface S = {z = const.}.
We have
0 = dA+ dB =
dw
w
√
1 + w2(1 + a¯2 − bw + a¯2w2) +
a¯ cos θ√
1− a¯2 cos2 θ dθ
and (from (A.12))
dθ
cos θ
√
1− a¯2 cos2 θ −
dθ¯
cos θ¯
√
1− a¯2 cos2 θ¯
=
a¯w dw√
1 + w2(1 + a¯2 − bw + a¯2w2)
which implies
dθ
cos θ
√
1− a¯2 cos2 θ (1 + a¯
2w2 cos2 θ) =
dθ¯
cos θ¯
√
1− a¯2 cos2 θ¯
. (A.14)
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Let us define t¯ := t
l
. Formulae (A.12) and (A.14) together with (A.1) enable one to
derive implicitly the induced three-metric h with respect to coordinates t¯, θ¯, φ:
z2
l2
g˜Kerr-AdS
∣∣∣
S
=
z2
w2
{ cos2 θ
cos2 θ¯(1− a¯2 cos2 θ¯) dθ¯
2 +
+2a¯ sin2 θ
(
1 + a¯2w2 − bw
3
1 + a¯2w2 cos2 θ
)
dt¯ dφ
+ sin2 θ
[
(1 + a¯2w2)(1− a¯2) + bw
3a¯2 sin2 θ
1 + a¯2w2 cos2 θ
]
dφ2 (A.15)
−
(
1 + a¯2w2 sin2 θ + w2 − bw
3
1 + a¯2w2 cos2 θ
)
dt¯2
}
.
Let us observe that the conformal factor
z
w
=
a¯ sin θ +
√
1− a¯2 cos2 θ
1 +
√
1 + w2(1 + a¯2)
exp F¯ (A.16)
is regular at I (corresponding to surface {w = 0}). To finish derivation of asymptotics
of h we have to notice that (A.12) written in equivalent form as follows:
sin θ¯√
1− a¯2 cos2 θ¯
=
sin θ − tanh δ(w)√1− a¯2 cos2 θ√
1− a¯2 cos2 θ − tanh δ(w) sin θ (A.17)
defines (implicitly) the function θ¯(θ, w). In particular
cos2 θ − cos2 θ¯ = −2δ cos2 θ¯ sin θ¯
√
1− a¯2 cos2 θ¯ +O(δ2)
which is a straightforward consequence of (A.17).
Equations (A.9) and (A.17) define the mapping (w, θ) 7→ (z, θ¯). To obtain the
explicit form of h this mapping should be inverted in the neighbourhood of z = w = 0
corresponding to I and applied to (A.15).
If we put w = 0 in (A.15), we obtain the asymptotic value of h at I :
(0)
h =
1
4
(
a¯ sin θ¯ +
√
1− a¯2 cos2 θ¯
)2 [ 1
1− a¯2 cos2 θ¯ dθ¯
2 + (A.18)
+2a¯ sin2 θ¯ dt¯ dφ+ sin2 θ¯(1− a¯2) dφ2 − dt¯2
]
.
Remark: Let us notice that sometimes the coordinates (t¯, w, θ, φ) are not convenient
in the asymptotic region. According to [20] one can introduce new spatial coordinates
(ρ,Θ,Φ) defined as follows:
Φ := (1− a¯2)φ+ a¯t¯ , (A.19)
ρ−1 cosΘ = w−1 cos θ , (A.20)
(1− a¯2)ρ−2 = w−2 + a¯2 sin2 θ − a¯2w−2 cos2 θ . (A.21)
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Some useful formulae describing coordinate transformation (w, θ, φ) ↔ (ρ,Θ,Φ) are
given in Appendix A.2. In particular, they enable one to prove that in new coordinates
the induced metric h at I takes the following form:
(0)
h =
1− a¯2
4 (1− a¯ sinΘ)2
[
dΘ2 + sin2ΘdΦ2 − dt¯2
]
, (A.22)
which explicitly shows that metric
(0)
h (for a¯ < 1) is in the conformal class of the
Einstein static universe (cf. (4.6)).
Let us denote by ω the following function:
ω(θ¯) :=
2
a¯ sin θ¯ +
√
1− a¯2 cos2 θ¯
which comes from conformal factor in metric tensor
(0)
h given by (A.18). To derive
higher order terms in hab for Kerr-AdS we have to check the following formulae:
ω(θ¯)
ω(θ)
=
a¯ sin θ +
√
1− a¯2 cos2 θ
a¯ sin θ¯ +
√
1− a¯2 cos2 θ¯
= 1 + a¯ cos2 θ¯ δ +O(δ2) ,
cos2 θ
cos2 θ¯
= 1− 2δ sin θ¯
√
1− a¯2 cos2 θ¯ +O(δ2)
= 1− a¯ sin θ¯
√
1− a¯2 cos2 θ¯ w2 +O(w4) , (A.23)
sin2 θ
sin2 θ¯
= 1 + a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ w2 +O(w4) , (A.24)
which together with (A.16) and (A.10) imply( z
w
)2
= ω(θ¯)−2
[
1− (1 + a¯2 sin2 θ¯)w2 + b
3
w3 +O(w4)
]
. (A.25)
Now we are ready to derive higher order terms in (A.15). We obtain the following
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non-vanishing components of three-metric h:
hθ¯θ¯ =
z2
w2
cos2 θ
cos2 θ¯
1
(1− a¯2 cos2 θ¯)
=
1− (1 + a¯2 sin2 θ¯)w2 − a¯ sin θ¯
√
1− a¯2 cos2 θ¯ w2 + b
3
w3 +O(w4)
(1− a¯2 cos2 θ¯)ω(θ¯)2 ,(A.26)
ht¯t¯ = − z
2
w2
(
1 + a¯2w2 sin2 θ + w2 − bw
3
1 + a¯2w2 cos2 θ
)
= −ω(θ¯)−2
[
1− 2b
3
w3 +O(w4)
]
, (A.27)
ht¯φ = a¯ sin
2 θ
z2
w2
(
1 + a¯2w2 − bw
3
1 + a¯2w2 cos2 θ
)
= a¯ sin2 θ¯ω(θ¯)−2 × (A.28)
×
[
1 + a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ w2 − (1− a¯2 cos2 θ¯)w2 − 2b
3
w3 +O(w4)
]
,
hφφ = sin
2 θ
z2
w2
[
(1 + a¯2w2)(1− a¯2) + bw
3a¯2 sin2 θ
1 + a¯2w2 cos2 θ
]
= sin2 θ¯ω(θ¯)−2(1− a¯2)
[
1 +
a¯2 sin2 θ¯
1− a¯2 bw
3 +O(w4)
]
× (A.29)
×
[
1 + a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ w2 − (1− a¯2 cos2 θ¯)w2 + b
3
w3 +O(w4)
]
.
Let us observe that asymptotics at I with respect to coordinate w with coefficients
depending on θ¯ can be easily transformed into demanded asymptotics with respect
to coordinate z. More precisely, from (A.25) we have zω(θ¯) = w(1 + O(w2)) which
implies
a0(θ¯)+a2(θ¯)w
2+a3(θ¯)w
3+O(w4) = a0(θ¯)+a2(θ¯)ω(θ¯)
2z2+a3(θ¯)ω(θ¯)
3z3+O(z4) ,
which means that the coefficients in the third degree polynomial do not mix each
other when we pass from w to z.
Hence, we get
h =
ω−2 − (1 + a¯2 sin2 θ¯)z2 − a¯ sin θ¯
√
1− a¯2 cos2 θ¯z2 + b
3
ωz3
(1− a¯2 cos2 θ¯) dθ¯
2
+2a¯ sin2 θ¯
[
1
ω2
+ a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ z2 − (1− a¯2 cos2 θ¯)z2 − 2b
3
ωz3
]
dt¯ dφ
+ sin2 θ¯(1− a¯2)
[
1 +
a¯2 sin2 θ¯
1− a¯2 bω
3z3
]
×
×
[
ω−2 + a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ z2 − (1− a¯2 cos2 θ¯)z2 + b
3
ωz3
]
dφ2
−
[
ω−2 − 2b
3
ωz3
]
dt¯2 +O(z4) , (A.30)
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(2)
h = −(1 + a¯
2 sin2 θ¯) + a¯ sin θ¯
√
1− a¯2 cos2 θ¯
(1− a¯2 cos2 θ¯) dθ¯
2
+2a¯ sin2 θ¯
[
a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ − (1− a¯2 cos2 θ¯)
]
dt¯ dφ
+ sin2 θ¯(1− a¯2)
[
a¯
cos2 θ¯
sin θ¯
√
1− a¯2 cos2 θ¯ − (1− a¯2 cos2 θ¯)
]
dφ2 , (A.31)
χ =
bω
3
{
2 dt¯2 − 4a¯ sin2 θ¯ dt¯ dφ+ (1− a¯2 + 3a¯2 sin2 θ¯) sin2 θ¯ dφ2
+
dθ¯2
1− a¯2 cos2 θ¯
}
. (A.32)
A.1 Mass and angular momentum of Kerr-AdS
From (A.18) we have√
− det
(0)
h = ω
−3 sin θ .
Moreover, (A.32) implies
χ0φ = ba¯ω
3 sin2 θ =
2ma
l2
ω3 sin2 θ .
Hence for cut C := {t = const.} ⊂ I we obtain
3l2
16π
∫
C
χ0φ
√
− det
(0)
h dθ dφ =
3ma
4
∫ π
0
sin3 θ dθ = ma
which gives (6.8). To obtain (6.7) we observe that
χ00 = −2
3
bω3 = −4m
3l
ω3
which implies
3l
16π
∫
C
χ00
√
− det
(0)
h dθ dφ = −m
2
∫ π
0
sin θ dθ = −m.
A.2 “Henneaux-Teitelboim” coordinates ρ,Θ,Φ in Kerr-AdS
The following formulae:
ρ2 =
(1− a¯2)w2
1− a¯2 cos2 θ + a¯2w2 sin2 θ (A.33)
cos2Θ =
(1− a¯2) cos2 θ
1− a¯2 cos2 θ + a¯2w2 sin2 θ (A.34)
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describe the coordinate transformation (w, θ) 7→ (ρ,Θ). Moreover, we have
cos2 θ =
(1 + a¯2w2) cos2Θ
1− a¯2 sin2Θ+ a¯2w2 cos2Θ ,
sin2 θ =
(1− a¯2) sin2Θ
1− a¯2 sin2Θ+ a¯2w2 cos2Θ ,
ρ2 =
1− a¯2 sin2Θ+ a¯2w2 cos2Θ
1 + a¯2w2
w2 ,
φ =
Φ− a¯t¯
1− a¯2 , dφ =
dΦ− a¯ dt¯
1− a¯2 ,
w2 = 2ρ2
[
1− a¯2 sin2Θ− a¯2ρ2 +
√
(1− a¯2 sin2Θ− a¯2ρ2)2 + 4a¯2ρ2 cos2Θ
]−1
,
dθ =
√
(1− a¯2)(1 + a¯2w2)
1− a¯2 sin2Θ+ a¯2w2 cos2Θ
(
dΘ− a¯
2w sinΘ cosΘ
1 + a¯2w2
dw
)
.
B Curvature of conformal boundary in NUT-AdS
spacetime
For the metric (4.57) we have the following non-vanishing Christoffel symbols:
Γ0θφ = −l¯ sin θ(1 + 4l¯2) tan2 θ
2
, (B.1)
Γ0θ0 = 2l¯
2 tan
θ
2
, (B.2)
Γθφφ = sin
2 θ
(
4l¯2 tan
θ
2
− cot θ
)
, (B.3)
Γθ0φ = −l¯ sin θ , (B.4)
Γφθ0 =
l¯
sin θ
, (B.5)
Γφθφ = −2l¯2 tan θ
2
+ cot θ . (B.6)
For the Ricci tensor
Rab = ∂cΓcab − ∂bΓcac + ΓcabΓdcd − ΓdacΓcdb
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we get the following components:
Rθθ = 1 + 2l¯2 , (B.7)
R00 = 2l¯2 , (B.8)
Rφφ = sin2 θ
(
1 + 2l¯2 + 8l¯4 tan2
θ
2
)
, (B.9)
R0φ = −4l¯3 sin θ tan θ
2
, (B.10)
Rθ0 = 0 , (B.11)
Rθφ = 0 , (B.12)
together with the scalar curvature
R = habRab = 8(1 + l¯2) .
The above formulae for the Ricci tensor imply
R0θ|φ −R0φ|θ = 2l¯ sin θ .
Moreover,√
− det
(0)
h β
0
0 = 2C0θφ = 2R0θ|φ − 2R0φ|θ
because R,a = 0. Similarly we have
C0θ0 = 0 = C0φ0
which implies
βφ0 = 0 = β
θ
0 .
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